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a b s t r a c t
In this paper, He’s variational iteration method (VIM) is applied to solve the Forn-
berg–Whitham type equations. The VIM provides fast converged approximate solutions
to nonlinear equations without linearization, discretization, perturbation, or the Ado-
mian polynomials. This makes the method attractive and reliable for solving the Forn-
berg–Whitham type equations. Numerical examples related to two initial value problems
are presented to show the efficiency of the VIM.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
The Fornberg–Whitham equation
ut + uxxt + ux + uux = 3uxuxx + uuxxx (1.1)
was first proposed for studying the qualitative behaviour of wave breaking [1]. In 1978, Fornberg and Whitham obtained
a peaked solution u(x, t) = Ae− 12 |x− 43 t| with an arbitrary constant A [2]. Recently, there has been lots of work focusing on
finding the travelling wave solutions to Eq. (1.1) [3–6]. Modifying the nonlinear term uux in (1.1) to u2ux, He et al. proposed
in [7] the modified Fornberg–Whitham equation
ut + uxxt + ux + u2ux = 3uxuxx + uuxxx. (1.2)
Some peakon and solitary wave solutions for (1.2) were given, based upon the bifurcation theory and the method of phase
portrait analysis.
In this paper, we will apply the variational iteration method (for short VIM) [8,9] for solving the original and modified
Fornberg–Whitham equations. Unlike the existing analytical methods such as the Adomian decomposition method [10,11]
and the homotopy perturbation method [12], the VIM can give exact solutions for linear equations and provide converged
approximate solutions for nonlinear equations without linearization, discretization, perturbation, or the calculation of the
complicated Adomian polynomials. Due to the above advantages and the simple implementation of the VIM, we obtain
approximate solutions to the Fornberg–Whitham type equations of high accuracy. Numerical experiments associated with
two initial value problems are shown to verify the efficiency of the VIM.
The rest of this paper is organized as follows. In Section 2, we introduce themain idea of the variational iterationmethod.
Numerical examples are considered in Section 3 in order to assess the efficiency of the VIM. Finally, we give the conclusions
in Section 4.
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2. Analysis of the variational iteration method
To illustrate the basic concepts of the VIM [8,9], we consider the following differential equation:
Lu+ Nu = g(x), (2.1)
where L is a linear operator, N is a nonlinear operator, and g(x) is an inhomogeneous term. Then, we can construct a correct
functional for (2.1) as follows:
un+1(x) = un(x)+
∫ x
0
λ{Lun(ξ)+ Nu˜n(ξ)− g(ξ)}dξ,
where λ is a general Lagrange multiplier, which can be identified optimally via variational theory. The second term on the
right is called the correction, and u˜n is considered a restricted variation, i.e. δu˜n = 0.
3. Numerical examples
In this section,we test two initial value problems associatedwith the original andmodified Fornberg–Whithamequations
in order to illustrate the efficiency of the VIM. All computations are performed using Mathematica 5.2.
Example 1. Consider the Fornberg–Whitham equation (1.1) with the following initial condition:
u(x, 0) = 4
3
e
1
2 x. (3.1)
We remark that the exact travelling wave solution to the above initial value problem is given by [2]
u(x, t) = 4
3
e
1
2 x− 23 t . (3.2)
By the VIM, there follows the correct functional:
un+1(x, t) = un(x, t)+
∫ t
0
λ{unξ (x, ξ)+ u˜nxxξ (x, ξ)+ u˜nx(x, ξ)
+ u˜n(x, ξ)u˜nx(x, ξ)− 3u˜nx(x, ξ)u˜nxx(x, ξ)− u˜n(x, ξ)u˜nxxx(x, ξ)}dξ .
The stationary conditions are given by
1+ λ = 0, λ′|ξ=t = 0
which implies that λ = −1. So we have the following iteration formula:
un+1(x, t) = un(x, t)−
∫ t
0
{unξ (x, ξ)+ unxxξ (x, ξ)+ unx(x, ξ)
+ un(x, ξ)unx(x, ξ)− 3unx(x, ξ)unxx(x, ξ)− un(x, ξ)unxxx(x, ξ)}dξ . (3.3)
For simplicity, we set (3.1) as the initial approximation u0(x, t). Then by means of iteration formula (3.3), we have the
following approximate solutions:
u1(x, t) = 23e
1
2 x(2− t),
u2(x, t) = 16e
1
2 x(8− 5t + t2),
u3(x, t) = 172e
1
2 x(96− 63t + 18t2 − 2t3),
u4(x, t) = 1288e
1
2 x(384− 255t + 81t2 − 14t3 + t4).
With the help of the Mathematica software, one can obtain the rest of the approximations.
In order to illustrate the efficiency of the VIM, we compare the sixth-order approximation u6(x, t)with the exact solution
(3.2). Table 3.1 lists the absolute errors of the approximate solution u6(x, t) for Eq. (1.1). Obviously, the approximations
resulting from the VIM are in good agreement with the exact solutions. We remark that the accuracy can be improved by
using higher order approximate solutions. The numerical behaviours of the approximate and exact solutions are shown in
Fig. 3.1.
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Table 3.1
Errors of the approximate solution u6 for the Fornberg–Whitham equation.
t x = −5 x = −2.5 x = 2.5 x = 5
0.02 3.133e−7 1.098e−6 1.429e−5 5.852e−5
0.04 5.467e−7 1.926e−6 2.689e−5 1.262e−4
0.06 7.090e−7 2.512e−6 3.782e−5 2.003e−4
0.08 8.082e−7 2.884e−6 4.713e−5 2.781e−4
0.1 8.522e−7 3.066e−6 5.486e−5 3.573e−4
Table 3.2
Errors of the approximate solution u2 for the modified Fornberg–Whitham equation.
t x = 2.5 x = 5 x = 7.5 x = 10
0.02 1.180e−4 2.124e−5 2.805e−5 5.528e−6
0.04 2.363e−4 4.797e−5 5.772e−5 1.084e−5
0.06 3.547e−4 8.029e−5 8.902e−5 1.591e−5
0.08 4.731e−4 1.183e−4 1.220e−4 2.071e−5
0.1 5.914e−4 1.622e−4 1.565e−4 2.524e−5
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Fig. 3.1. Numerical behaviours for u6 obtained by the VIM (left) and the exact solution (right).
Example 2. The initial value problem considered is that of the modified Fornberg–Whitham equation (1.2) with the
following initial condition:
u(x, 0) = 3
4
(
√
15− 5) sech2(cx) (3.4)
with a constant c = 120

10(5−√15).
Like in the manipulation for the previous initial value problem, using the VIM the iteration formula reads as
un+1(x, t) = un(x, t)−
∫ t
0
{unξ (x, ξ)+ unxxξ (x, ξ)+ unx(x, ξ)
+ u2n(x, ξ)unx(x, ξ)− 3unx(x, ξ)unxx(x, ξ)− un(x, ξ)unxxx(x, ξ)}dξ .
In this example, we choose (3.4) as the initial approximation u0(x, t). By the above formula, there follows the first-order
approximation
u1(x, t) = 34 (
√
15− 5) sech2(cx)+ 3
8

1
2
(5−√15)(55√3− 43√5
+ (√3−√5) cosh(2cx)) tanh(cx) sech4(cx)t.
Similarly, one can obtain the rest of the approximate solutions by using Mathematica software.
We show the numerical results in Table 3.2, by comparing the second-order approximation u2(x, t)with the exact solitary
wave solution [7]:
u(x, t) = 3
4
(
√
15− 5) sech2(c(x− (5−√15)t)).
This suggests that the VIM works well for this problem, even if one is using the low order approximate solution u2(x, t).
Finally, Fig. 3.2 plots the numerical behaviours of u2(x, t) and the exact solution to (1.2).
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Fig. 3.2. Numerical behaviours for u2 obtained by the VIM (left) and the exact solution (right).
4. Conclusion
In this paper, we proposed an analytical approach based on the variational iteration method for solving the initial value
problems associated with the Fornberg–Whitham type equations. The numerical results showed that the VIM performed
well for the problems considered.
To be precise, the approximate solutions obtained were in accordance with the exact solutions even if low order
approximations were used. We believe that the VIM will be helpful for solving other linear or nonlinear problems.
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